Abstract. Horocyclic surfaces are surfaces in hyperbolic 3-space that are foliated by horocycles. We construct horocyclic surfaces associated with spacelike curves in the lightcone and investigate their geometric properties. In particular, we classify their singularities using invariants of corresponding spacelike curves.
Introduction
In this paper, we study an interesting class of surfaces in hyperbolic 3-space H 3 + that are called horocyclic surfaces. They are surfaces that are foliated by horocycles in H 3 + . The notion of horocyclic surfaces was introduced by Izumiya et al [1] as an analogous one to ruled surfaces in the Euclidean space R 3 . They studied local descriptions of horospherical flat horocyclic surfaces and classified singularities of such surfaces (for the definition of horospherical flat surfaces, see Section 2) . In this paper we show another way of constructing horocyclic surfaces associated with spacelike curves in the lightcone and classify their singularities using invariants (curvatures and torsions) of corresponding spacelike curves. This paper is organized as follows. In Section 2 we recall the basic notions of curves and surfaces in hyperbolic 3-space and in particular review the fundamental facts on horocycles in Lemmas 2.1 and 2.2. In Section 3, we study the differential geometry on spacelike curves in the lightcone and show the Frenet-Serret formula for them (Proposition 3.2). Furthermore we classify homogeneous spacelike curves (Example 3.3). In Section 4, we construct horocyclic surfaces associated with spacelike curves in the lightcone and investigate their geometric properties. In Section 5, we classify singularities of horocyclic surfaces constructed in Section 4 (Theorem 5.3). Our proof depends on the criteria for the recognition of the cuspidal edges, swallowtails, cuspidal beaks and cuspidal lips given by Kokubu et al [2] and Izumiya et al [1] (Propositions 5.5 and 5.6).
Differential geometry of curves and surfaces in hyperbolic 3-space
In this section we recall the basic theory of curves and surfaces in hyperbolic 3-space. We use the notation in [1] . In this paper we adopt the standard Lorentzian model of hyperbolic 1 | x, x = 1}, respectively. Then H 3 + is a complete Riemannian manifold of constant sectional curvature −1 and S 3 1 is a complete Lorentzian manifold of constant sectional curvature 1 with respect to the induced metric. We set LC + = {x ∈ R 4 1 | x, x = 0 and x 0 > 0}, which is called the future lightcone.
We recall the basic theory of curves in H 3 + . Let γ : I → H 3 + be a unit speed curve defined on an open interval I of R. We use t(s) for the tangent vector γ (s) with t(s) = 1. 2 
The vector t (s) − γ (s) is orthogonal to γ (s) and t(s). We assume that t (s) − γ (s) is not zero. Then we have a unit vector n(s) = (t (s) − γ (s))/ t (s) − γ (s) . Moreover we set e(s) = γ (s) ∧ t(s) ∧ n(s). Then we have an orthonormal frame field {γ (s), t(s), n(s)
,
In the above formula, κ h (s) and τ h (s) are given by κ h (s) = t (s) − γ (s) = γ (s) − γ (s) and τ h (s) = −det (γ (s), γ (s), γ (s), γ (s))/(κ h (s))
where
. Then E is globally defined on M, which does not depend on the choice of positive local coordinates, and it is a unit normal vector field along (M, f ). We can regard E as a map of M to S 3 1 , which is called the
Then we set S ± = −1 T p M ± A p and call it the hyperbolic shape operator of (M, f ) at p ∈ M. We denote the eigenvalues of A p by κ i (p) and those of S ± byκ ± i (p) (i = 1, 2), respectively. Evidently, A p and S ± have the same eigenvectors and the relationκ 
We say that a point p ∈ M is an umbilical point if κ 1 (p) = κ 2 (p) and that an immersed surface (M, f ) is totally umbilical if all points of M are umbilical. It is well known that there are three kinds of totally umbilical surfaces in H (2) and (3) in the above, respectively. They are all totally umbilical with
, where κ denotes the principal curvature. In particular, the horosphere has the constant principal curvature 1 or −1. 
. Horospheres are examples of horo-flat surfaces and they are also totally umbilical. Now we assume that an immersed surface (M, f ) is a horoflat surface without umbilical points. Then the shape operator A of (M, f ) has two different eigenvalues 1 and κ ( = 1). We denote by F 1 the line foliation corresponding to the principal curvature 1. 
Spacelike curves in the lightcone
In this section we study the differential geometry of spacelike curves in the lightcone LC + and introduce the Frenet-Serret formula. Let l : I → LC + be a regular curve defined on an open interval I of R. It is easily seen that, if l(t) and l (t) are linearly independent, l (t) is spacelike. Therefore if l(t) and l (t) are linearly independent at any t ∈ I , we can reparametrize l by the arc length. From now on we assume that l is a unit speed spacelike curve, i.e., l (t), l (t) = 1. We define a function κ on I by κ(t) = l (t), l (t) . Differentiating the equation l (t), l(t) = 0, we have l (t), l(t) + l (t), l (t) = 0 and hence l (t), l(t) = −1. Therefore we obtain the following matrix:
The determinant of the matrix above is equal to −1. This implies that the inner product , on the subspace {l(t), l (t)} R of R 4 1 spanned by l(t) and l (t) is indefinite.
LEMMA 3.1. There exists the unique vector n(t) ∈ {l(t), l (t)} R such that n(t), n(t) = 0 and n(t), l(t) = 1.
Proof. In fact, the vector n(t) is given by n(t) = −
2 κ(t)l(t) − l (t). 2
We use t(t) for l (t) and denote by e(t) the unit spacelike vector that is orthogonal to l(t), t(t) and n(t) such that the basis {l(t), t(t), e(t), n(t)} has a positive orientation. Then we have a pseudo-orthonormal frame field {l(t), t(t), e(t), n(t)} along l. We define a function τ on I by τ (t) = n (t), e(t) . Then we have the following proposition. 
Proof. We put n (t) = b 0 l(t) + b 1 t(t) + b 2 e(t) + b 3 n(t). Differentiating n(t), l(t) = 1,
Differentiating n(t), n(t) = 0, we have 0 = 2 n (t), n(t) = 2b 0 , which implies that b 0 = 0. Because of the definition, we have b 2 = n (t), e(t) = τ (t). By these, it follows that n (t) =
2 κ(t)t(t) + τ (t)e(t). By a similar computation, we have e (t) = −τ (t)l(t). 2
Example 3.3. (Homogeneous spacelike curves in the lightcone) Let l : R → LC + be a unit speed spacelike curve whose functions κ and τ are constant. Then it is a homogeneous curve, that is, an orbit by the action of a one-parameter subgroup of SO 0 (1, 3). By straightforward computation, we see that unit speed homogeneous spacelike curves in LC + are congruent to one of the following according to the values of κ and τ .
where λ, μ(> 0) satisfy 2λ 2 = −κ + √ κ 2 + 4τ 2 and 2μ 2 = κ + √ κ 2 + 4τ 2 .
Construction of horocyclic surfaces
In this section we construct horocyclic surfaces in H 3 + by a slightly different method from [1] and study their properties. Let l : I → LC + and ω : I → S 3 1 be smooth maps from an open interval I of R with l(t), ω(t) = 0 for any t ∈ I . Then we set subsetsM of H 3
Proof. We viewM as a subset of R 4
. We shall show that the matrix (4.1) at each point (x, t) ∈M has rank three. For this, we putx
Then the inner products of these vectors in R 4 1 are given by ⎛ ⎜ ⎝
The matrix is non-singular and hencex,l(t) andω(t) are linearly independent. Therefore the Jacobian matrix (4.1) has rank three. HenceM is a regular submanifold of R 4 1 × I with codimension three.
2
By the proof of Lemma 4.1, we see that the tangent spaces T (x,t )M at (x, t) ∈M are of the form:
Here we identify T (x,t ) (R 4 1 × I ) with R 4 1 × R as usual. We restrict the projections of H 3 + × I onto H 3 + and of H 3 + × I onto I toM, which are denoted by π 1 and π 2 , respectively. Then M = π 1 (M). We will show that M is a horocyclic surface in H 3 + possibly with singularities. For each t ∈ I , we put
By Lemma 2.2, it follows that C t is a horocycle in H 3 + whose polar vector is l(t). Moreover at x ∈ C t , the tangent space T x C t is given by
Now we will construct a parametrization f :
. We define a tangent vector field X onM as follows: at (x, t) ∈M,
We fix t 0 ∈ I and take an arbitrary point
. Then there exists a unique integral curveγ (t) = (γ (t), t) of X such thatγ (t 0 ) = (γ 0 , t 0 ). For each t ∈ I , we put a 2 (t) = l(t) − γ (t) and a 3 (t) = ω(t). Then γ (t), a 2 (t) and a 3 (t) are orthonormal, i.e., they satisfy γ (t), γ (t) = −1, a 2 
Thenf is an embedding and it gives a diffeomorphism of R × I ontoM. We define a map f of
We study geometric properties of the map f . We prepare a structure equation for the orthonormal frame fields {γ (t), a 1 (t), a 2 (t), a 3 (t)} following [1] . It is of the following form:
Since (γ (t), t) is an integral curve of the vector field X defined by (4.2), we have 
We remark that the vector
is a unit spacelike vector. By (4.7), it follows that (s, t) is a singular point of f if and only if it satisfies
Now we study a special class of horocyclic surfaces that satisfy the following condition:
(HC1) For each (s, t) ∈ R × I , the lightlike vector l(t) is orthogonal to the tangent space of M at f (s, t).
As stated in Section 2, the line foliation corresponding to the principal curvature 1 on an umbilically free horo-flat surface satisfies the condition (HC1).
LEMMA 4.2. The condition (HC1) is equivalent to the condition that
Proof. By (4.5) and (4.6), we have f s (s, t), l(t) = 0 and f t (s, t), l(t) = c 2 (t) + sc 4 (t).
These equations imply Lemma 4.2. 2
We assume that c 2 (t) = c 4 (t) = 0 for any t. Then the equation (4.7) is reduced to the following:
Hence we have L(s, t) = f (s, t) + E(s, t) = l(t). At a non-singular point (s, t) ∈ R × I , the shape operator A is given by
∂ ∂t and the hyperbolic shape operator S is given by
Consequently we obtain the following proposition. 0 and is parametrized by f as in (4.3) .
If, for each (s, t) ∈ R × I , the lightlike vector l(t) is orthogonal to the tangent space of M at f (s, t), then M is a horo-flat surface.
Under the condition (HC1), by (4.4) we have
l (t) = γ (t) + a 2 (t) = (c 3 (t) + c 6 (t))a 3 (t) = (c 3 (t) + c 6 (t))ω(t).

Now we consider the following condition:
(HC2) In addition to (HC1), we assume that l : I → LC + has a unit speed and that l (t) = ω(t).
We remark that the condition (HC2) implies that the surface M is the envelope of a family of horospheres. We will show this fact. We define a function F :
l (t) .
For any fixed t ∈ I , we have a horosphere {x ∈ H 3 + | F (x, t) = 0}. Therefore F = 0 defines a one-parameter family of horospheres and hence
is the envelope of a family of horospheres.
Under the condition (HC2), the coefficients c i (t) (i = 1, 2, 3, 4, 5, 6) in (4.4) satisfy c 1 (t) = c 2 (t) = c 4 (t) = 0 and c 3 (t) + c 6 (t) = 1. The induced Riemannian metric g on R × I by f is given by
This implies the following proposition.
PROPOSITION 4.4. Under the assumption (HC2), a point (s 0 , t 0 ) ∈ R × I is a singular point of f if and only if s
We denote by δ(t) the discriminant of the quadratic equation s 2 + 2c 5 (t)s + 2c 3 (t) = 0 with respect to s. Then it is given by
Evidently we have the following corollary. 
We define a map f :
(s, t) = g(t)α(s).
Then we have f (R × R) = M and hence the map f gives the parametrization of M. Thus the horocyclic surface M is a surface that is invariant under the action of a one-parameter subgroup g(t) of SO 0 (1, 3). If κ ≥ 1 and τ = 0, the set of singular points of M is {α(± √ κ − 1)} and these singular points are fixed by the action of g(t). If κ ≥ 1 and τ = 0, the set of singular points of M is {g(t)α(± √ κ − 1) | t ∈ R}. In the other cases, there exist no singular points on M.
Singularities of horocyclic surfaces defined by spacelike curves in the lightcone
In this section, we study singularities of horocyclic surfaces defined by unit speed spacelike curves in the lightcone LC + . Our main result is to classify singularities of such surfaces (Theorem 5.3). Let l : I → LC + be a unit speed spacelike curve defined on an open interval I of R and M be the horocyclic surface defined by l, that is, M = {x ∈ H 3 + | there exists t ∈ I such that x, l(t) + 1 = 0, x, l (t) = 0} (see the latter part of Section 4). In Section 3 for a given l(t), we constructed the pseudo-orthonormal frame fields {l(t), t(t), e(t), n(t)}, which satisfy the Frenet-Serret formula (3.1). On the other hand, in Section 4, we associated the orthonormal frame fields {γ (t), a 1 (t), a 2 (t), a 3 (t)} with the horocyclic surface M, which satisfy the structure equation (4.4). We remark that under our assumption c 1 = c 2 = c 4 = 0 and c 3 + c 6 = 1. The parametrization f :
2 s 2 l(t). Now we investigate the relation between two frame fields and that of two formulas (3.1) and (4.4). Because of the definition, l(t) = γ (t) + a 2 (t). By (3.1), l (t) = t(t), and by (4.4),
t). This implies that t(t) = a 3 (t). Since n(t)
The vector field e(t) satisfies e(t), e(t) = 1, e(t), l(t) = e(t), t(t) = e(t), n(t) = 0 and the frame {l(t), t(t), e(t), n(t)} has a positive orientation. By these, it follows that
e(t) = −c 5 (t)γ (t) + a 1 (t) − c 5 (t)a 2 (t). Consequently we have the following relation:
⎛ ⎜ ⎜ ⎝
l(t) t(t) e(t) n(t)
By the definition of κ(t), we have
By straightforward computation,
and hence
τ (t) = n (t), e(t) = c 5 (t).
From these, we have the following lemma.
LEMMA 5.
The curvature κ(t) and the torsion τ (t) of the unit speed spacelike curve l(t)
in the lightcone LC + are given by Applying the criteria above for the existence of singularities, we can construct complete non-singular horo-flat horocyclic surfaces. Let l : R → LC + be a unit speed spacelike curve defined on the whole R. Suppose that there exists a positive number ε > 0 such that
This implies that the induced Riemannian metric g is complete.
Now we study singularities of f . Let U i (i = 1, 2) be domains in R 2 and N 3 i (i = 1, 2) be three-dimensional manifolds. The germ of a C ∞ -map
We consider the cases of Proposition 5.2(1) and (2) . For a fixed t 0 ∈ I with κ(t 0 ) ≥ 1, we may assume that a point (0, t 0 ) ∈ R × I is a singular point of f . By Proposition 4.4, it follows that c 3 (t 0 ) = 0 and the other singular point on C t 0 is given by (−2c 5 (t 0 ), t 0 ) . Moreover we assume that c 5 (t 0 ) ≥ 0. Then we have the following theorem. (1) the germ of f at the point (0, t 0 ) is A-equivalent to a cuspidal edge if We devote the rest of this section to the proof of Theorem 5.3. To prove Theorem 5.3(A) and (B)(1), we prepare the criteria for a singular point to be the cuspidal edge or the swallowtail shown by Kokubu et al [2] . Now we recall their theory.
Let N 3 be a three-dimensional Riemannian manifold and π : T 1 N 3 → N 3 be the natural projection of its unit tangent bundle T 1 N 3 onto N 3 . The unit tangent bundle T 1 N 3 has the canonical contact form μ.
Let f = f (s, t) : U → N 3 be a frontal defined on a domain U in R 2 and L f : U → T 1 N 3 be its Legendrian lift. Here we use the coordinates s, t in R 2 . We denote by the Riemannian volume form on N 3 . We define a smooth function λ = λ(s, t) : U → R by
We call λ(s, t) the signed area density function. We see that p = (s, t) ∈ U is a singular point of f if and only if λ(s, t) = 0. A singular point p = (s, t) ∈ U is said to be non-degenerate if the derivative dλ does not vanish at p. When p is a non-degenerate singular point, the singular set ( 
1) The germ of f at p is A-equivalent to a cuspidal edge if and only if the null direction η(0) is transversal to ξ (0). (2) The germ of f at p is A-equivalent to a swallowtail if and only if the null direction η(0) is proportional to ξ (0) and
For the map f = f (s, t), we define the unit vector field ν :
By (4.9), it follows that the map (f, ν) gives the Legendrian lift of f . Moreover the map (f, ν) is an immersion. In fact the Jacobian matrix J (f, ν) (s,t ) of (f, ν) at (s, t) is given by
.
Two column vectors
and (
Thus the rank of J (f, ν) (s,t ) is equal to 2 and hence (f, ν) is an immersion at each (s, t) ∈ R × I . This means that f is a front. By (4.9), the signed area density function λ(s, t) of the front f is given by λ(s, t) = 
Here we use the equation (5.2). Then we have
On the other hand, the null direction η(u) along ξ(u) is given by ∂/∂t. Therefore the function Secondly we assume that ψ(0) = 0. Differentiating (5.7), we have
In particular
Applying Proposition 5.5(2), we see that the germ of f at (0, t 0 ) is A-equivalent to a swallowtail under the assumption of Theorem 5.3(A) (2) . Similarly we obtain the results such as Theorem 5.3(A)(3) and (4) for the singular point (−2c 5 (t 0 ), t 0 ). Next we consider the case under the assumption of Theorem 5.3(B) (1) , that is, κ(t 0 ) = 1, c 3 (t 0 ) = c 5 (t 0 ) = 0 and κ (t 0 ) = 0. In this case the point (0, t 0 ) is a unique singular point on C t 0 . By (5.6), dλ (0,t 0 ) = c 3 (t 0 ) dt. By (5.2), c 3 (t) = 
(t) + τ (t)
2 + c 5 (t)τ (t).
In particular, c 3 (t 0 ) = − Applying Proposition 5.6, we see that Theorem 5.3(B)(2) and (3) hold.
